We prove that a germ of a one-dimensional holomorphic foliation with a generic singularity in dimension two or three that exhibits a Lie group transverse structure in the complement of some codimension one analytic subset is logarithmic, that is, given by a system of closed meromorphic one-forms with simple poles. In the global context, we prove that a foliation by curves in a three-dimensional complex manifold with generic singularities and a Lie group transverse structure off a codimension one analytic subset is logarithmic; that is, it is given by a system of closed meromorphic one-forms with simple poles.
Introduction
Foliations are an important tool in the study of the topology of manifolds, dynamics and the theory of singularities. In the theory of foliations it is very useful to consider the transverse structure. Among the simplest transverse structures are Lie group transverse structures, homogeneous transverse structures and Riemannian transverse structures.
Here we consider foliations with a Lie group transverse structure. Roughly speaking, this means that the foliation is given by an atlas of submersions taking values in a given Lie group G and with transition maps given by restrictions of left translations on the group G. This atlas is called the transverse model for F . We shall refer to such a foliation as a G-foliation. The theory of G-foliations is a well developed subject and follows the original work of Blumenthal [2] .
In codimension one, the Riemann-Koebe uniformization theorem implies that any holomorphic G-foliation is transversely additive (that is, its transverse model is the additive group of complex numbers) and is therefore given by a closed holomorphic 14 A. Mafra and B. Scardua [2] one-form (see [16] ). Using this fact, together with some extension techniques from the theory of holomorphic foliations, it is possible to study in detail codimension one holomorphic foliations on complex projective spaces that admit a Lie group transverse structure on the complement of some invariant algebraic subset (see [16, 17] ). In the nontrivial case, this invariant algebraic subset has codimension one.
On the other hand, as in the local situation, it is possible to prove that, under some mild conditions, an isolated singularity of a holomorphic one-form in two dimensions that admits a G-transverse structure on the complement of its set of local separatrices is given by a closed meromorphic one-form (see also Theorem 9) . In particular, in the irreducible case, the singularity is analytically equivalent to its formal normal form as introduced in [13, 14] .
Our aim is to motivate the study of the case where the codimension is at least two, beginning with the very simplest case. More precisely, we study one-dimensional holomorphic foliations on complex manifolds with generic singularities that admit a Lie group transverse structure on the complement of some analytic invariant subset of codimension one.
In codimension one, a basic example of a class of foliations with generic singularities that have a Lie group transverse structure on the complement of some analytic hypersurface is the class of logarithmic foliations. A logarithmic foliation on a complex manifold V is one given by a closed meromorphic one-form η with simple poles. A Darboux foliation on V is a logarithmic foliation given by a meromorphic one-form η as follows:
where the functions f j are meromorphic on V and λ j ∈ C \ {0} (see [4, 17] for more on logarithmic and Darboux foliations). It is well known that any logarithmic one-form η in the complex projective space CP m is of Darboux type (see [16] ). By a logarithmic foliation of dimension one on a complex manifold V of dimension m, we mean a foliation that is given by a system of m − 1 closed meromorphic oneforms η 1 , . . . , η m−1 , all of which have simple poles and are linearly independent in the complement of their sets of poles. A Darboux foliation of dimension one is a logarithmic foliation given by one-forms η j of Darboux type. An isolated singularity of a holomorphic vector field X is said to be without resonances if the eigenvalues of the linear part DX at the singular point are linearly independent over Q. Local linearization of such a (nonresonant) singularity is assured if this singularity is in the Poincaré domain; that is, the convex hull of its eigenvalues does not contain the origin. In the other case, that is, in the Siegel domain, there are Diophantine conditions that assure local linearization (see [3, 19] ).
Our results below are a first step in the understanding of the possible Lie group and homogeneous transverse structures (see [9] ) for holomorphic foliations with singularities. The description of the local situation with a generic singularity is better stated in terms of germs as follows. [3] One-dimensional Lie foliations 15 T 1. Let F be a one-dimensional holomorphic foliation defined in an open connected neighborhood V of the origin (0, 0, 0) ∈ C 3 with a linearizable singularity without resonances at the origin. Assume that F has a G-transverse structure outside an invariant codimension one analytic subset Λ of V. If each irreducible component of Λ contains the origin, then F is logarithmic.
As in the global case, we have the following result. T 2. Let F be a one-dimensional holomorphic foliation with singularities on a three-dimensional connected complex manifold V and a G-transverse structure in the complement of a codimension one analytic subset Λ of V. Suppose that each irreducible component of Λ contains a singular point of F that is linearizable without resonances. Then F is logarithmic.
We point out that the restriction to three dimensions (that is, codim F = 2) is just for notational simplicity. The main conclusion of the paper, that the presence of generic singularities forces the transverse structure to be Abelian, holds for one-dimensional foliations in three or more dimensions, as one can mimic the proof of Lemma 12 in higher dimensions.
Lie foliations and differential forms
We begin with a definition. D 3. Let F be a foliation of a manifold V of codimension . Given an dimensional Lie group G, we say that F admits a Lie group transverse structure with model G, or a G-transverse structure for short, if there is an open cover V = j∈J U j of V such that the following conditions are met.
(i) On each open set U j , there is a submersion f j : U j → G such that the leaves of F | U j are the level sets of f j . (ii) on each nonempty intersection U i ∩ U j ∅, there is a locally constant map g i j :
In other words, F is defined by submersions f j :
where the elements g i j ∈ G are locally constant. When these conditions hold, we call F a G-foliation or simply a Lie foliation.
The next result characterizes G-foliations. Let G be a Lie group and {ω 1 , . . . , ω } be a basis of the Lie algebra of G. Then there is a family of constants c k i j , called the structure constants of the Lie algebra in the given basis, such that
T 4 (Darboux-Lie [9] ). Let F be a codimension foliation on V and let G be a Lie group of dimension . Let {ω 1 , . . . , ω } be a basis for the Lie algebra of G with A. Mafra and B. Scardua [4] structure constants c k i j . If F admits a G-transverse structure, then there are one-forms Ω 1 , . . . , Ω in V satisfying the following conditions.
If F , V and G are complex and holomorphic, then the Ω j may be taken to be holomorphic.
Conversely, given a maximal rank system of one-forms Ω 1 , . . . , Ω in V such that
where the c k i j are the structure constants of a given basis {ω 1 , . . . , ω } of the Lie algebra of G, the following conditions are satisfied.
(iii) For each point p ∈ V, there are a neighborhood U p of p in V and a submersion f p :
(iv) If V is simply connected, then we may take U p to be V.
In particular, F has a G-transverse structure.
Examples
The most trivial example of a G-foliation is given by the product foliation on a manifold V = G × N, that is, the product of a Lie group G with a manifold N. The leaves of the foliation are of the form {g} × N where g ∈ G. Next we give a type of nonsingular example based on an algebraic construction. E 5. Let H be a closed (normal) subgroup of a Lie group G. We consider the action Φ : H × G → G given by Φ(h, g) = hg and the quotient map π : G → G/H (a fibration) that defines a foliation F on G.
Given x ∈ F g = π −1 (Hg), we have π(x) = Hg and Φ h (x) = hx. However, the fact that
and the orbit O(g) = Hg is transverse to the fiber π −1 (Hg). Hence F is a foliation that is invariant under the transverse action Φ. Now let G be a simply connected group, let H be a discrete subgroup of G and let F : H → Diff(G) be the natural representation given by F(h) = L h . The universal covering of G/H is G, with the projection π : G → G/H and π 1 (G/H) H,
H and f (g) = hg for some unique h ∈ H. Therefore f = L h and we may define an isomorphism f → h from Aut(G) to H. Thus we may write F :
is a properly discontinuous action and defines a quotient manifold V = (G × G)/Ψ whose equivalence classes are the orbits of Ψ. We have the following facts. (i) There exists a fibration σ : V → G/H with fiber G induced by π : G → G/H and structure group isomorphic to F(H) ⊂ Diff(G). In fact, we define σ :
For every point x ∈ G/H there is a neighborhood U ⊂ G/H such that π −1 (U) is isomorphic with U × H, and thus there is an isomorphism between σ −1 (U) and U × G. (ii) The natural (zero-dimensional) foliation F on G given by the classes Hg for each g ∈ G is Φ-invariant. Therefore the product foliation G × F on G × G, which has dimension dim G, is Ψ-invariant and induces a foliation F 0 on V, which is called the suspension of F with respect to Φ. The suspension F 0 is then a foliation transverse to the projection σ : V → G/H.
E 6 (Euler equation). The
Euler equation is the germ of a saddle node at the origin (0, 0) ∈ C 2 given by Ω = 0, where
Note that dΩ = (2x + 1) dx ∧ dy and dΩ = η ∧ Ω, where η is the closed form
then ω is a closed meromorphic one-form in the complement of the (only) separatrix, the y axis. Because Ω ∧ ω = 0 off this axis, we conclude that the Euler equation admits a Lie transverse structure off the set of separatrices. Nevertheless it is well known that, due to the absence of a second separatrix, the Euler equation is not analytically conjugate to its formal normal form. This needs to be considered in the statements of our results in the next section.
Germs of generic singular Lie foliations in dimension two
The generic local case in dimension two is described below. A germ F of a holomorphic foliation at the origin (0, 0) ∈ Cit is given in suitable local coordinates (x, y) centered at (0, 0) by an equation of the form
where A and B are holomorphic, A(0) = B(0) = 0 and λ Q. In this case, the set of separatrices Λ is the union of the x and y axes. The following proposition is derived from [21, Theorem II.3.1].
P 7. Let F be a germ of a nonresonant singularity at the origin (0, 0) ∈ C 2 . Suppose that F is a G-foliation in the complement of the set of separatrices Λ. Then the germ F is analytically linearizable. Moreover, any closed holomorphic one-form Ω defining F in V \ Λ, where V is a neighborhood of the origin, extends to V as a logarithmic one-form.
P. First we remark that we may suppose that G = (C, +) because dim G = 1. Therefore there is a closed holomorphic one-form Ω in the complement of the separatrices such that Ω defines the foliation in this open set and the foliation is transversely additive in the complement of its local separatrices. In particular, it is transversely projective in this complement and we may apply [21, Theorem II.3.1] to conclude that the singularity is analytically linearizable. We may assume that the set of separatrices Λ is the union of the x and y axes. Now let V be a neighborhood of the origin and Ω be a closed holomorphic oneform that defines F in V \ Λ. Then there are local coordinates (x,ỹ) such that {(x, y) : y = 0} = {(x,ỹ) :ỹ = 0} and {(x, y) : x = 0} = {(x,ỹ) :x = 0}, and further F may be written in the formx dỹ − λỹ dx = 0.
We define the closed one-formω byω
Thenω is a meromorphic one-form defining F , so we may writeω asf Ω, wheref is a meromorphic function off thex andỹ axes. Expanding the Laurent series off with respect to the axes, we see thatf
with coefficients f i j ∈ C. Since
f is a Laurent series that corresponds to a first integral of F , that is, df ∧ω = 0. Using this Laurent series, we see that [7] One-dimensional Lie foliations 19 and so we may conclude that f i j = 0 whenever (i, j) (0, 0), since λ Q. Hencef is the constant f 00 and therefore Ω = f −1
00ω . This implies that the Laurent series of the one-formxỹΩ around thex andỹ axes contains only positive powers, and so it converges to a holomorphic one-form. Therefore Ω extends to the separatrices as a meromorphic one-form with simple poles. Now we consider a more general situation than that examined in Proposition 7. Let F be a holomorphic foliation in a neighborhood U of the origin with an isolated singularity at the origin. Since we are concerned with the behavior of F in a neighborhood of the origin, we may assume that sing(F ) = {(0, 0)}. We resolve singularities for F at (0, 0) (see [6, 15, 18] ) to obtain a complex surface U and a proper holomorphic map π : U → U that is a finite composition of quadratic blow ups such that the exceptional divisor D = π −1 (0) is a normal crossing without triple points. We note also that D is a finite union D = m j=1 P j , where the P j are projective lines with negative self-intersection in U. The pull back foliation F = π * (F ) is a foliation with singularity set sing( F ) in D, consisting of irreducible isolated singularities that are either nondegenerate singularities or saddle node singularities. Nondegenerate singularities satisfy equations of the form
where A and B are holomorphic, A(0) = B(0) = 0 and λ Q + . These singularities are said to be resonant if λ ∈ Q − and nonresonant otherwise. Saddle node singularities satisfy equations of the form
where t is a positive integer, A is a holomorphic function of order at least t + 2 at (0, 0) and λ ∈ C. The strong separatrix of the saddle node is the x axis. If the singularity admits another separatrix, then it is necessarily smooth, transverse to the strong separatrix and it can be taken as the other coordinate axis. This will be called the central manifold of the saddle node. Any component P j of D is eitherF -invariant or everywhere transverse to F . In the latter case, we say that P j is a dicritical component.
The following definition generalizes the above notion of a nonresonant singularity.
D 8 (Nonresonant germ)
. A germ of a holomorphic foliation F at the origin (0, 0) ∈ C 2 is called nonresonant if the following conditions are met.
(i) The resolution of singularities of F at the origin exhibits no saddle node.
(ii) Each connected component of the invariant part of the exceptional divisor π −1 (0) contains a nonresonant (nondegenerate) singularity.
Given an analytic invariant subset Λ of U such that each irreducible component of Λ contains the origin, we may write Λ as the union of irreducible components r j=1 Λ j .
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678871100142X 20 A. Mafra and B. Scardua [8] The strict transformΛ of Λ may then be defined by
where
it is a union ofF -invariant irreducible components in U.
A component Λ j of Λ will be called dicritical if its strict transformΛ j contains no singularity; that is, if it is a leaf of the foliationF . We write Dic(Λ) for the union of dicritical components of Λ. The exceptional divisor D is π −1 (0, 0). The large transform of Λ is by definition the union of the strict transform of Λ and the exceptional divisor, that is, π −1 (Λ) =Λ ∪ D. Now we are in a position to prove our main result in two dimensions. T 9. Let F be a nonresonant germ of a holomorphic foliation at the origin (0, 0) ∈ C 2 . Suppose that F is a G-foliation outside of a germ of an analytic subset Λ of codimension one. Then F is given by a closed meromorphic one-form Ω in some open subset U * of the form U \ Dic(Λ). In the nondicritical case, U * = U.
In order to prove Theorem 9 we shall need the following extension lemma in addition to Proposition 7. L 10. Let F be a germ of a nondegenerate singularity at the origin (0, 0) ∈ C 2 . Suppose that there is a closed meromorphic one-form Ω defining F in a neighborhood of the singularity minus one of the local separatrices. Then the germ of the singularity F is analytically conjugate to its formal normal form. In particular, Ω extends meromorphically to the other separatrix.
P. First we prove that the formal normal form of the singularity converges. In suitable local coordinates (x, y) in some neighborhood U of the origin, the set of separatrices is the union of the x and y axes. We may assume that Ω is defined on U \ {(x, y) : x = 0} for some neighborhood U of the origin. Since Ω is closed, its polar set is invariant under the foliation F = F (Ω), and therefore the polar set of Ω in U \ {(x, y) : x = 0} is the y-axis.
Let Λ denote the separatrix {(x, y) : y = 0}. Let a = Res Λ (Ω) ∈ C be the residue of Ω at Λ and let the positive integer k be the order of Λ as an irreducible component of the polar set of Ω. If we take U to be a bidisc, then we can write
where ϕ is a holomorphic function in U \ {(x, y) : x = 0}. If q ∈ Λ \ {(0, 0)}, then there are local coordinates (x,ỹ) in a neighborhood U q of q such thatx(q) =ỹ(q) = 0, {(x,ỹ) :ỹ = 0} = {(x, y) : y = 0} ∩ U q , and
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In particular,ỹ : U q → C is a holomorphic submersion that defines F in U q . Now (1 + ay k )
∂ ∂y
invariant, and since this is a holomorphic vector field in its formal normal form, we may also conclude that h is analytically conjugate to its formal normal form. Now, according to [14] , because the local holonomy map h is analytically conjugate to its formal normal form, the singularity F is analytically conjugate to its formal normal form. This proves the first part of the lemma.
We divide the remaining part of the proof into several cases. If λ R − , then the singularity is in the Poincaré domain and because λ Q + it is without resonances. By the Poincaré-Dulac linearization theorem [8] the singularity is analytically linearizable. Thus from now on we may assume that λ ∈ R − . We now consider each remaining case separately.
Case 1: Nonresonance. In this case λ Q. The formal normal form is linear and we just apply Proposition 7 to finish the proof.
Case 2: Holomorphic first integral. In this case the foliation is given in suitable coordinates by a linear one-form α = kx dy + y dx for some positive integers k and . We may assume that k and are coprime. Set ω := 1/(xy) and α = k dy/y + dx/x. Then Ω ∧ ω = 0 in U \ {(x, y) : x = 0} so that Ω = f ω for some meromorphic function f defined in U \ {(x, y) : x = 0}.
Since Ω and ω are closed, d f ∧ ω = 0 and f is a meromorphic first integral for α in U \ {(x, y) : x = 0}. Since we have assumed that k and are coprime, the form α has a A. Mafra and B. Scardua [10] holomorphic first integral f 0 (x, y) = y k x with connected irreducible fibers except for f −1 0 (0). This implies, by a local version of the Stein factorization theorem (see [15] ), that f = ξ( f 0 ) for some meromorphic function ξ in a punctured neighborhood of the origin 0 ∈ C. Since Ω is meromorphic in U \ {(x, y) : x = 0} and is therefore meromorphic in {(x, y) : y = 0} \ {0}, it follows that f = ξ(y k x ) is meromorphic in {(x, y) : y = 0} \ {(0, 0)}. Hence the function ξ extends meromorphically to the origin 0 ∈ C. Therefore Ω = f ω extends to U as a meromorphic one-form.
Case 3: Resonant nonlinearizable. Now λ ∈ Q − , say λ = − /k for relatively prime positive integers k and . By hypothesis, the singularity is not analytically linearizable. According to [14] , it has a formal model of the form
where u = x y k and µ ∈ C. By the first part of our proof, the foliation is analytically conjugate to this formal normal form. Since the foliation is given by a closed oneform off the separatrix {(x, y) : x = 0}, we may conclude that the analytic model for the foliation is indeed of the form
(see [16, p. 179] or [7, Remark 7, Lemma 3] ). Each normal formΩ k, admits an integrating factorĥ = x +1 y k+1 . Thus there are closed rational one-formŝ
Arguing as above, we may deduce that Ω =fω k, for some meromorphic functionf in U \ {(x, y) : x = 0} such that df ∧ω k, = 0. Comparing poles enables us to conclude thatf is indeed holomorphic off the union of the x and y axes {(x, y) : xy = 0}. We claim thatf is constant. If not, thenf is a nonconstant meromorphic first integral for F . Since the singularity is not dicritical, this implies that F admits a holomorphic first integral. Now, according to [15] , if a resonant Siegel type singularity admits a nonconstant formal or holomorphic first integral, then it is analytically linearizable, which is a contradiction. Therefore, we conclude thatf is constant (see also the proof of [17, Lemma 3] ) and so Ω extends to the separatrices as a meromorphic one-form with simple poles.
P  T 9. We choose representatives for the germs F and Λ as above in a neighborhood U of the origin. We also denote these representatives by F and Λ. The foliationF is a G-foliation in
Applying the arguments used in the proof of Proposition 7 enables us to deduce that there is a closed holomorphic one-formΩ inŨ \ (D ∪Λ) that definesF in this open subset. [11] One-dimensional Lie foliations 23
We now investigate the possibility of extendingΩ as a meromorphic one-form to a given component P j of the exceptional divisor and to a componentΛ j of the strict transformΛ. We say that a given pointp ∈ π −1 (Λ) =Λ ∪ D is regular if it is not an intersection point of two irreducible components of π −1 (0). If P j is a component of D, then denote by P * j its set of regular points. The set of regular points inΛ j is denoted byΛ * j . Let P j be a dicritical component of the exceptional divisor. We claim that the one-formΩ extends meromorphically to P * j . In fact, take a regular pointp ∈ P j . Because this component is dicritical, there are local coordinates (x, y) centered atp such that P j is the x axis andF is given by dx = 0. The one-formΩ(x, y) is closed and meromorphic off the x axis. We can writeΩ(x, y) = µ dy/y + d f (x, y) for some µ ∈ C and some function f meromorphic off the x axis. BecauseΩ ∧ dx = 0, it follows that µ/y + ∂ f /∂y = 0. Using Laurent series, we conclude that µ = 0 and f y = 0, so f depends only on the variable x. Because f is meromorphic off the x axis, we conclude that f is meromorphic in a neighborhood ofp.
We claim that the one-formΩ extends meromorphically to any nondicritical component P j 0 of the exceptional divisor. Indeed, we first observe that, by hypothesis, since P j 0 is invariant underF there is a path Q 0 , . . . , Q r , where Q ν = P j ν is an invariant projective line, Q 0 = P j 0 , Q ν ∩ Q ν+1 ∅, and Q r = P j contains a nonresonant singularity, say q r , in sing(F ). This singularity corresponds either to a corner, that is, an intersection of two invariant components of the exceptional divisor, or to some point intersection P j ∩Λ ν . In either case, becauseq is an irreducible nondegenerate singularity, Proposition 7 applies and enables us to deduce thatΩ extends meromorphically to a neighborhood ofq.
By a classical theorem of Levi (see [20] ), a meromorphic form defined in the complement of an analytic codimension one irreducible subset Λ of a complex manifold V extends meromorphically to this subset provided that it admits a meromorphic extension to some open subset that intersects Λ. Thus the one-formΩ extends meromorphically to all regular points in P j .
Letp be a nonregular point in P j . Ifp is a singular point ofF , then by the above argument,Ω extends meromorphically to a neighborhood ofp. Thus it remains to show thatΩ extends meromorphically to the nonregular pointsp corresponding to intersections of P j with dicritical components of the exceptional divisor, say P j ∩ P ν . Given such a nonregular pointp, there are local coordinates (x, y) centered atp such that P j corresponds to the x axis, P ν to the y axis, and the foliationF is given in these coordinates by dy = 0. The one-formΩ is meromorphic off the x and y axes, and by the above arguments extends to P * j and to P * ν as a meromorphic form. ThereforeΩ is meromorphic in U \ {p} where U is some neighborhood of the pointp.
Hartogs' classical extension theorem, which assures the extension of meromorphic forms through analytic subsets of codimension at least two (see [10, 12] ), enables us to conclude thatΩ extends meromorphically top. Now we have proved that Ω extends to P j = Q r . The intersection Q r−1 ∩ Q r = {q r } is a singularity and the one-form Ω is defined and meromorphic in a neighborhood of this singularity minus one of its two local separatrices. More precisely, Ω is defined off the separatrix contained in Q r−1 .
If q r admits a holomorphic first integral, then by Lemma 10 the one-form Ω extends meromorphically to a neighborhood of q r . If q r does not admit a holomorphic first integral, then by Lemma 10 the one-form Ω extends meromorphically to a neighborhood of q r . Hence, as above, the one-form extends to the regular points in Q r−1 as a meromorphic one-form. An argument similar to that given above shows that the one-form Ω always extends to the component Q r−1 . An inductive argument then shows that Ω extends to P j 0 = Q 0 as a meromorphic one-form. Now we finish the proof. From the discussion above, we may conclude thatΩ extends meromorphically to all invariant components of the exceptional divisor and to all componentsΛ j that intersect some invariant component of the exceptional divisor. Also,Ω extends to the dicritical part of the exceptional divisor except, possibly, to those branchesΛ i that meet the exceptional divisor at dicritical components. These components form an analytic invariant subsetΓ ofΛ that projects under π (using the proper mapping theorem from [11] ) onto the analytic invariant subset Dic(Λ) of Λ. The one-formΩ is meromorphic in some neighborhoodŨ of π −1 (Λ) \Γ and therefore the one-form Ω is meromorphic in some open subset U \ Dic(Λ). Here U is a neighborhood of the origin (0, 0) ∈ C 2 .
C 11. Let F be a nondicritical germ of a foliation at 0 ∈ C 2 and assume that each projective line in the resolution of 0 exhibits no saddle nodes and contains a nonresonant singularity. If there is a germ of a codimension one analytic subset Λ at the origin such that F is a G-foliation off Λ, then F is a germ of a logarithmic foliation.
P. By the proof of Theorem 9, there is a closed meromorphic one-form Ω that defines F in a neighborhood of the origin. This one-form is the projection by the resolution morphism of a closed meromorphic one-formΩ defined in a neighborhood of the resolution divisor that has simple poles in a neighborhood of each nonresonant singularity. By our hypothesis on the singularities of the resolution divisor,Ω has simple poles, and, therefore, so has Ω. Hence the foliation F is logarithmic.
Lie foliations with singularities in dimension three
Now let F be a one-dimensional holomorphic foliation with isolated singularities on a complex manifold V. We shall say that F admits a G-transverse structure if the corresponding nonsingular foliation F 0 := F | V\sing(F ) admits a G-transverse structure.
Let p ∈ sing(F ) be an isolated singularity. Take a small neighborhood ∆ p of p in V, biholomorphic to a ball in C m , such that ∆ p ∩ sing(F ) = {p}, and set ∆ * p = ∆ p \ {p}. Then ∆ * p is simply connected, and, by the classical theory of transverse Lie foliations (see also Theorem 4), the restriction F | ∆ * p is given by a holomorphic submersion P : ∆ [13] One-dimensional Lie foliations 25
Now suppose that F admits a G-transverse structure on V \ Λ, where Λ is an analytic subset of V of codimension at least two such that Λ ∩ sing(F ) = ∅. Again by Hartogs' extension theorem, the one-forms Ω 1 , . . . , Ω obtained in Theorem 4 extend as holomorphic forms to V. Moreover, also by Theorem 4, the G-transverse structure extends to V as long as the system {Ω 1 , . . . , Ω } has maximal rank at the points of Λ.
We claim that this is the case because Λ does not intersect the singular set of F . Let q ∈ Λ. Then since q is not a singular point for F , there is a neighborhood U q of q in V and a system of holomorphic forms {ω 1 , . . . , ω }, defined and of maximal rank in U q , that defines F in U q . Therefore there is a holomorphic matrix A = (a i j ) i, j=1 whose coefficients are the holomorphic functions a i j : U q → C such that Ω i = j=1 a i j ω j for j = 1, . . . , .
If the determinant det(A) vanishes at some point in U q ∩ Λ, then it vanishes in some analytic subset of codimension one that intersects Λ. Therefore the system {Ω 1 , . . . , Ω } does not have maximal rank in some analytic subset of codimension one that intersects Λ, which is a contradiction. Therefore A is nonsingular at the points of U q ∩ Λ and consequently {Ω 1 , . . . , Ω } has maximal rank at the points of U q . Hence we shall consider the case where F admits a G-transverse structure on V \ Λ and Λ is analytic of codimension one in V. We shall also assume that Λ is invariant under F . (ii) The foliation F (X) induced by X is given in U 0 by the integrable system {Ω 1 , Ω 2 } of maximal rank.
Then Ω 1 and Ω 2 are closed and extend to U as closed meromorphic one-forms with simple poles.
P. Let a 1 , a 2 , a 3 be complex numbers and define the closed one-form Θ by
Then Θ(X) = 0 if and only if 3 k=1 a k λ k = 0. Thus we can take one-forms Θ 1 and Θ 2 , given by Θ j = 3 j=1 a j k dx k /x k for a j k ∈ C, that are linearly independent in the complement of the coordinate hyperplanes and satisfy Θ 1 (X) = Θ 2 (X) = 0.
Once we fix such one-forms, the foliation F (X) is defined by the integrable system {Θ 1 , Θ 2 } in U. This definition and part (ii) enable us to write and hence dΩ 1 ∧ Θ 1 = 0. Thus we may deduce that
We may also deduce that Θ 1 ∧ Θ 2 is equal to dx 1 ∧ dx 2 x 1 x 2 + (a [15] One-dimensional Lie foliations 27
Thus the two complex vectors (α 12 , α 13 , α 23 ) and (λ 1 , λ 2 , λ 3 ) are collinear, that is, α 12 = tλ 1 , α 13 = tλ 2 and α 23 = tλ 3 for some t ∈ C * . Thus d f ∧ Θ 1 ∧ Θ 2 = 0 if and only if (iλ 1 − jλ 2 + kλ 3 ) = 0 for all i, j, k ∈ Z. By the nonresonance hypothesis, the only solution to the last equation is trivial. Therefore a holomorphic function f (x 1 , x 2 , x 3 ) in U 0 satisfies d f ∧ Θ 1 ∧ Θ 2 = 0 if and only if f is constant.
The above argument shows that a 2 is constant. Similarly a 1 , b 1 and b 2 are constant in U 0 and
for some nonsingular 2 × 2 complex matrix C. Since Θ 1 and Θ 2 are logarithmic oneforms, this proves that Ω 1 and Ω 2 extend to U as closed meromorphic one-forms with simple poles.
P T 2. By Theorem 4, there are holomorphic one-forms Ω 1 and Ω 2 in V 0 := V \ Λ such that dΩ k = i< j c k i j Ω i ∧ Ω j , where the c k i j are the structure constants of a Lie algebra of the Lie group G. The foliation F is given in V 0 by the integrable system {Ω 1 , Ω 2 } of maximal rank.
Let Λ ν be an irreducible component of Λ. By hypothesis, there is an analytically linearizable singularity q ν ∈ Λ ν ∩ sing(F ) without resonances. By Lemma 12, each Ω j extends to a neighborhood of q ν in V as a closed meromorphic one-form with simple poles. The extension theorem of Levi asserts that each Ω j extends to Λ ν as a closed meromorphic one-form. Therefore F is logarithmic.
Theorem 1 follows immediately from Theorem 2.
